A fractional heat equation is used to model thermal diffusion in a onedimensional bar that exhibits subdiffusive behavior. The left end of the bar is subjected to a nonlinear influx of heat. For the boundary constraint at the right end of the bar, two cases are considered, namely a homogeneous Neumann condition and a homogeneous Dirichlet condition. By reducing both cases to a nonlinear Volterra equation, it is shown that a blow-up always occurs. The asymptotic behavior near the blow-up is determined for both cases. It is also shown that the solution for the Neumann case dominates that of the Dirichlet case.
Introduction
We consider a mathematical model for thermal diffusion in a onedimensional bar (0 ≤ x ≤ l) that exhibits subdiffusive behavior. It is assumed that the temperature T (x, t) along the length of the bar satisfies the fractional differential equation
where
This operator is known as the Riemann-Liouville fractional derivative, as discussed in [1, 2, 4, 9, 10, 14, 18] . The use of (1.1) as a model for subdiffusive media has been commented in [7, 8, 9, 10] . The underlying physical principle is that some diffusion processes exhibit a slower-than-normal evolution. In such processes, the mean square displacement associated with Brownian motion evolves as
where α = 1 would correspond to classical diffusion. The review articles [9, 10] provide numerous references to experimental results that support this type of fractional-Brownian model. The initial temperature distribution in the bar is given by The specification of boundary flux for time-fractional diffusion in the form of (1.4) has been discussed in [15] . The nonlinearity F (T ) in (1.4) is such that
The physical interpretation of the boundary condition (1.4) is that the left end of the bar is exposed to a source of thermal energy whose output increases nonlinearly as the end temperature increases. Such a situation arises, for example, when the energy source is associated with the Arrhenius reaction of combustion that is modeled by F (T ) = exp(T ). An example of such a combustion model in classical diffusion (α = 1) can be found in [11] .
To complete the description of the problem, a boundary condition at the right end of the bar is needed. We will consider two cases. The first case is that of an insulated end of the bar, where no thermal flux is allowed. This is described by a Neumann type condition
(1.6)
It should be noted that due to the properties of the operator D
1−α t
, the boundary condition (1.6) is equivalent to ∂T ∂x (l, t) = 0, t > 0. In the second case, the boundary condition imposed at the right end corresponds to maintaining the temperature at a fixed level. This is described by a Dirichlet type condition
To distinguish between the two problems considered here, we will refer to the problem in which (1.6) applies as the Neumann case, and to the case in which (1.7) applies as the Dirichlet case. The goal of this paper is to investigate the possibility of blow-up solutions to (1.1)-(1.5) when either the Neumann condition (1.6) or the Dirichlet condition (1.7) is applied. It will be shown that a thermal blow-up always occurs in both cases. This is not surprising in the Neumann case since the thermal energy input at x = 0 has no means of escape at x = l, thereby forcing the temperature in the bar to increase.
In the Dirichlet case, it is less obvious that a blow-up will always occur, since the heat loss at the cold end x = l can be enhanced by narrowing the distance between the hot and cold ends. The fact that this fails to prevent a blow-up is a further illustration of the highly diminished thermal transport associated with subdiffusive materials as modeled by (1.1). This effect within the context of a thermal blow-up has been noted in [13] and [17] .
To demonstrate the blow-up behavior for both the Neumann and Dirichlet cases, we convert the initial-boundary value problem into an integral equation for the left-end temperature T (0, t). The method of conversion uses an appropriate Green's function associated with (1.1) to achieve an integral representation of (1.1)-(1.5) while imposing either (1.6) or (1.7). The utility of this approach has been demonstrated in [3] and references therein.
From the integral representation, it will be shown that T (0, t) → ∞ as t →t < ∞ for both cases. It will also be shown that the temperature for the Neumann case dominates that of the Dirichlet case during the common time interval when both solutions exist.
Neumann Case
To convert the initial-boundary value problem (1.1)-(1.6) into an equivalent integral equation, we utilize the Green's function G α (x, t|x 0 , t 0 ) that satisfies
and
To obtain an integral representation for T (x, t), it is convenient to use the Laplace transform to replace the time variable t by the transform parameter p. Let
2) and
(2.3) By combining the differential equations in (2.2) and (2.3) while integrating over the length of the bar yields
From the boundary conditions in (2.2) and (2.3), it follows from (2.4) that
Inversion of the Laplace transform in (2.5) yields
By setting t 0 = 0 and noting that
(2.6) This integral representation of the solution to the initial-boundary value problem requires the determination of T (0, t) ≡ u N (t). A nonlinear Volterra integral equation for u N (t) follows by setting x = 0 in (2.6). This gives
It remains to determine a suitable expression for G α (x, t|x 0 , 0). The results of [19] show that G α can be expressed in terms of G 1 , which is the Green's function associated with the classical diffusion version of (2.1) in which α = 1 and, hence, D α t ≡ 1. As shown in [19] , the relationship is given by
where f α (z) is the inverse Mellin transform
This function can be expressed as a special case of a Wright function with a negative argument. The connection of such functions with fractional calculus through the Mellin transform has been discussed in [6] . The function f α (z) is nonnegative for z ≥ 0 and decays exponentially as z → ∞. The Green's function G 1 (x, t|x 0 , 0) can be expressed as either a Fourier expansion
9) or as an image expansion
(2.10) From (2.9) and (2.10), the corresponding expressions for G α (x, t|x 0 , 0) follow as
11) where
∞ 0 f α (z)dz = 1 has been used in the first term, and as
(2.12) From (2.11) and (2.12), the expressions for the kernel k N (t) are given by 13) and
An analysis of (2.7) requires some detailed knowledge of the kernel k N (t). It is easily seen from (2.13) and (2.14) that
To obtain the asymptotic behavior of k N (t) as t → 0, consider (2.14). All terms are small compared to the term corresponding to n = 0. Thus
Since 0 < α < 1, it is seen that k N (t) is integrable near the origin.
To obtain the asymptotic behavior of k N (t) as t → ∞, it is useful to rescale the variable of integration in (2.13) to give
(2.17)
Dirichlet Case
To convert the initial-boundary value problem (1.1)-(1.5) with (1.7) into an equivalent integral equation, we utilize the Green's function G α (x, t|x 0 , t 0 ) that satisfies
with
To obtain an integral representation for T (x, t), the development goes as for the Neumann case in Section 2. This again leads to (2.4). Applying the boundary conditions at x = 0 from (2.2) and (2.3) along with the Dirichlet conditionsT
yields the Dirichlet version of (2.6) as
(3.2) In this case, G α (x, t|x 0 , 0) satisfies (3.1). As in the Neumann case, the integral representation (3.2) requires the determination of
Here again the results of [19] can be applied to express G α in terms of G 1 . The relationship is again given by (2.8). The solution of (3.1) for classical diffusion (α = 1) can be expressed as either a Fourier expansion
4) or as an image expansion,
From (3.4) and (3.5), the corresponding expressions for G α (x, t|x 0 , 0) are obtained by the application of (2.8). From these follow expressions for the kernel k D (t) given by
As in the Neumann case, an analysis of (3.3) requires some detailed knowledge of the kernel k D (t). It easily follows from (3.6) and (3.7) that
The behavior of k D (t) as t → 0 follows from (3.7) as
The behavior of k D (t) as t → ∞ follows from (3.6) as
(3.10)
Integral Equation Analysis
To establish the existence of a blow-up solution to (1.1)-(1.5) with either the Neumann end condition (1.6) or the Dirichlet end condition (1.7), an analysis of the corresponding integral equations will be needed. In both cases, the nonlinear Volterra integral equation for u(t) ≡ T (0, t) takes the form
For the Neumann case, (4.1) corresponds to (2.7) with k N (t) given by (2.13) and (2.14). For the Dirichlet case, (4.1) corresponds to (3.3) with k D (t) given by (3.6) and (3.7). In both cases, q(t) is continuous and
In both cases, k(t) is continuously differentiable and
With these properties, known results on nonlinear Volterra equations [5] can be applied to (4.1) to establish that 0 ≤ u(t) → ∞ as t →t < ∞. Results presented in [5] on the existence of a blow-up solution to a nonlinear Volterra equation like (4.1) rely on the properties of I(t) where
and on the parameters Λ and κ, where
The main result is: P r o o f. By the application of results presented in [5] , it is found that the nonlinear integral operator in (4.1) is a contraction for 0 ≤ t < t * where I(t * ) = Λ. Moreover, a continuous and bounded solution of (4.1) is not possible for t ≥ t * * if there is a t * * < ∞ such that I(t * * ) = κ. The values of t * and t * * are determined independently for each case.
The properties of k N (t) as expressed in (2.15)-(2.17), and of k D (t) as expressed in (3.8)-(3.10), ensure that in each case I(t) ≥ 0 exists and monotonically increases for 0 ≤ t < ∞. Moreover I(t) → ∞ as t → ∞ for both cases. Thus (4.2) will be fulfilled for 0 ≤ t * ≤ t * * < ∞.
2 It is not surprising that a blow-up always occurs for the Neumann case. The insulation condition at x = l has the effect of preventing heat loss from the bar while the energy input at x = 0 increases and the temperature rises. Mathematically, the blow-up is associated with the property that I(t) → ∞ as t → ∞, which allows (4.2) to be satisfied for t * * < ∞.
For the Dirichlet case, it is less obvious that a blow-up must always occur. In classical diffusion (α = 1), a blow-up can be avoided if the cold boundary at x = l is sufficiently close to the energy source. This was demonstrated in [12] where I(∞) < Λ allowed for a global solution of the integral equation corresponding to (4.1). Introducing the effects of subdiffusion alters the properties of k D (t) so that I(t) → ∞ as t → ∞, allowing (4.2) to be satisfied for t * * < ∞. This contrast between classical diffusion and subdiffusion was also noted in [13] and [17] .
Blow-up Growth Rate
The growth rate of the solution to (4.1) near blow-up is determined by an asymptotic analysis as t →t < ∞, where the value oft will be different in each of the two cases. It is not necessary to know the exact value oft in order to determine the leading order behavior of u(t) as t →t. Even though the exact value oft is different for the Neumann and Dirichlet cases, it will be seen that the functional form of the leading order behavior is the same in both cases.
Since q(t) is bounded, this term can be ignored in a leading order asymptotic analysis of (4.1). Thus
For the asymptotic analysis of (5.1), we follow a methodology developed in [16] . This requires the change of variables 
In [16] , it is shown that to determine the leading order behavior of Q(η) as η → ∞, only the leading order behavior of k(t) as t → 0 is needed. From (2.16) and (3.9), it is seen that for both the Neumann and Dirichlet cases, 
The form of (5.6) is exactly the same as an asymptotic expansion analyzed in [13] . The details of that analysis will not be included here. In [13] , the asymptotic analysis was carried out for two specific choices of the nonlinear function F (u). In particular, it was found that if
It was also found that if
Neumann Dominates Dirichlet
In the classical diffusion (α = 1), a physical interpretation of the two cases considered here would suggest that the solution of the Neumann case should dominate the solution of the Dirichlet case. By imposing no heat loss at x = l, the temperature along the bar should be higher than when a zero temperature is imposed at x = l. It is worthwhile to show that this relationship also holds for the subdiffusion problem (0 < α < 1).
Let T N (x, t) be the solution of (1.1)-(1.5) with (1.6) and T D (x, t) be the solution of (1.1)-(1.5) with (1.7) for 0 ≤ x ≤ l, 0 ≤ t <t, wheret is the minimum of the blow-up times associated with the two cases. We will show the following Theorem 6.1.
0 , 0) be the solutions of the Green's function problems given in (2.1) and (3.1) with t 0 = 0, respectively. From classical diffusion theory (α = 1), it follows that
This inequality is easily established by noting that G N 1 − G D 1 satisfies the homogeneous heat equation with a zero initial condition. Then from (2.9), (2.10), (3.4) and (3.5), it can be verified that G N 1 − G D 1 is non-negative at x = 0, l for all t ≥ 0. The maximum principle then provides (6.2).
In view of (2.8), which holds for both cases, it follows that
From (2.6) and (3.2), it follows that Thus, in (6.1) ,t =t N .
